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Abstract-Based on the fundamental solutions previously obtained by the authors. a boundary
integral approach to shallow shells involving shear deformation is presented. and related formulae
are derived. This provides a new method for solving this kind of shell problem.

INTRODUCTION

In recent years. considerable progress has been made in the application of the boundary
element method to plate and shell bending as well as to other engineering problems.
However. for the kind of shallow shells involving shear deformation and with arbitrary
quadratic middle surfaces. the corresponding OEM analysis has not bt..-cn performed before
l1ccause it is difficult and complicated to find the fundamental solutions to this kind of
shell. It is known that the shallow shell theory considering shear deformation has many
applications in engineering problems. such as stress concentration. high order vibration
and thick shell bending. etc. Therefore. it would be significant both in theory and application
to develop a REM approach to solving the problems for this kind of shell.

Por this reason. we derived. as the most important step of the REM application. the
fundamental solutions of this shell theory by using Hormander's operator and plane-wave
decomposition methods (Lu and Huang. 1991) and corresponding computational methods
and treatments were also discussed in detail. In the present paper. REM formulations for
this shell model have been established with the kernels obtained by the authors. and some
related problems have been studied. All of these investigations have extended the OEM
approach to this kind of shell problem. In addition. a program has been written according
to the formulations obtained. and some numerical examples are given at the end of the
paper.

A BRIEF REVIEW OF THE BASIC EQUATIONS

Consider a shallow shell involving shear deformation and with a quadratic middle
surface given by

(I)

where k , and k 2 are the principal curvatures of the shell in the:c- and y-directions respec
tively. The equilibrium equations of the shell are (Sih, 1977):

iJN. iJN••
iJx + iJy =P••

iJN.. aN.
-iJ + -iJ. =P••x Y .

iJQ. iJQ •.
iJx + iJy -(k I N.+k 2N.)+p: = O.
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e,\J f cAl...
-:1- + -~- -Q,f = m,f'
LX cy

eMU' eMy--' + -~-' -Qy = myCX cy , , (2)

and the corresponding stress-displacement relations are:

[
OU ct" ]N.f = B ox +v ey +(k. +vkz)w •

1 (eu or)N =,(I-v)B -+-
,fy. oy ex'

(
OW

Q.f = C ox +t/J,f)'

(
i'Jt/J" i'Jt/J f)My = D +v-~- •

, (1y (Jx

I ((Jt/J, iJt/J.)!vi = ,( I - v)D __-.C- + --
'y. iJy ox (3)

where II. V. w. t/J, and t/Jy are five independent displacements p,,, P"~ P:. m, and my are
generalized distributive loads applied in different directions of the shell. B. C and Dare
tension. shear and bending stiffness respectively and v is Poisson's ratio.

Substituting eqn (3) into eqn (2). we can obtain the equilibrium equations expressed
in terms of displacements:

where

[l]{lJ} = {IP}

{lJ} = [u. L'. W. t/J,,, t/JJr.

{IP} = [p"P".p:.m" m.IT

(4)

(5)

and [ll is a symmetrical differential operator matrix of the order 5 x 5. [Sec Lu and Huang.
(1991).]

It is very difficult to solve the partial differential equations (4) directly. However. the
decomposed forms of the equations have been obtained by the authors:

(6)

where
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(7)

are five displacement functions, L is a 10th-order partial differential operator, and is given
in the Appendix. Therefore, the generalized displacements and stress resultants can be
obtained respectively from the relations

where

{U} = [f] {<I>.}

{If} = [R]{<I>·}

(8)

(9)

(10)

and [IF] and [R] are also differential operator matrices. which are given in the Appendix.
Let <I>(x. y) be the fundamental solution of the differential operator L. i.e.

L[<1I(x. y)] = o(x. y) (II)

where c5(.~, y) is the Dirac c5-function. Then the displacement function satisfied by eqn (6)
can be eltpressed as

(12)

once <1lj (x. y) has been evaluated. the displacements and stress resultants can be obtained
from eqns (8) and (9). respectively. Now the problems of solving eqn (6) have been reduced
to finding the fundamental solution (Il(x. y) which satislled eqn (II). This solution has been
obtained by the authors:

and

where

<I>(x, y) =r" q,(p) dO

p = xcosO+ysinO,

I
AI = ., .. " 1 "--j-.'

4n-r.(rj -r!){rj -r))

I
A: =4 ,~, , : "n -rz(ri - rj )(rz - rj)

I
A) =4 ' ~, , : ,.

n-r)(rj -rj)(r) -r!)

{JI = 0, {J: = arctan 1"21".1. (J) = -(Jz.

'" I
"'(m+ I) = L -. ",(I) = 0, ., ~ 0.51721 (Euler'sconstant),,_I S

(13)

(14)
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( ., C)l'~
a l = l-vD • a2={klsin=8+k2cOS=e)(l-v=)~.

'I, =(Jal/4+a2/4)1:2. '12 = (Ja))4- a2/4) 1/2 (15)

and corresponding methods and strategies for the numerical computation of the funda
mental solutions have also been discussed in detail in the authors' previous paper.

BEM FORMULATiONS

Boundary integral equations for elasticity problems can be established using Betti's
reciprocal theorem or weighted residual method. There are five independent displacements
for the theory of shallow shells involving shear deformation. The related boundary integral
equations can be written as

Cij{P)ltj(P) =r[Tij(P.Q)lIj(Q)-Uij(P.Q)lj(Q)]drQ

+IiUii(P.Q)pj{Q)d~ (i.j= 1..... 5) (16)

and it can be rewritten in m'ltrix form as:

where

and

{V} = [It.l,,U\I/! .. t/ty)r.

{T} = [N"N2.Q,.M"M2rr.
{IP} = (P ..p.... p:.m•• my]r

N, = N"n..+N..yn.•• N2 =N.ynx+N.ny•

M 1 = M.n.. +M.•yny• M 2 = M.tyn.• +Myn).•

(17)

(18)

represent the stress resultants at the boundary of the shell in the x- and y-directions
respectively. U/j(P. Q) and T;J(P, Q) represent the displacements and tractions in the i
direction at point Q corresponding to a unit point force acting in the j-direction applied at
point P. and can be obtained using the following methods.

It can be seen from previous discussions that a set of corresponding displacement
functions would be produced for each kind of unit force applied at point P. Therefore. five
groups of displacement functions {«I>*h. (j = 1•...• 5) can be obtained in this way. and
according to eqn (12) the functions in the jth group are

(20)

Furthermore. the following representations can be obtained <Iccording to eqn (8)
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(21)

where differential operaton F1j are given in the Appendix, and C!) is the fundamental solution
given in eqn (13). (n addition, the expressions for the fundamental traction T,j(P, Q) can
be obtained from eqns (19) and (9) :

I
T1j(P, Q) = D[n..R,j(C!) +nJ.RJj (C!)],

I.
T2j (P, Q) =D[n..RJj (C!) +nJ.R2j (c!)],

I
TJj(P, Q) =D[n.•R4j (c!) +n...Rjj(C!)).

I
T4j (P. Q) = D[n..R6j (cIl) +n.y R8j (cIl»),

I
Tjj(P. Q) = D[n.R 8j (cIl) +nyR7j (cIl») (22)

and differential operaton R,j are also listed in the Appendix, and the computations of Fi/ (cIl)
and Rlj(C!) have been discussed in detail by the authors.

The coefficient Clj(p) in matrix [C] is determined by the position of source point P. (f
point P is in the domain. CII = I. (i = 1,2.4. S). C)J = -I, Cij = O. (i #: j). and if P is on
a smooth boundary. CII = i, (i = 1.2.4. S), Cn = -!. CII = 0, (i #: j). when this point is
on a non-smooth boundary. as shown in Fig. I. it can be written as follows (Brebbia et al.•
1984):

Substitute eqn (22) into the above expressions and after proper integrations and sim
plifications, the following relations can be obtained:

[

C2

[C] = -.!... 0
2ft 0

where C2 is a submatrix of order 2 x 2 :

(23)

Fig. I. Comer point.
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(24)

where the meanings of O. and O2 are shown in Fig. I.
Treatments of body forces in boundary integral equations have been discussed in detail

by Danson [see Brebbia (1984)]. For uniform normal distributed forces acting on shell
surfaces, the domain integrals can be easily transformed into boundary integrals. In this
case, the integrals corresponding to body forces in eqn (16) can be written as

Bj = P:f1Uj)(P, Q) dOQ = ~ f1Fn (<{) dOQ , (i = 1, ... ,5). (25)

By means ofGreen's indentity and the formulations in the Appendix, the above expressions
can be simplified further:

where the differential operators £1 and £2 are given in the Appendix, and

£~ = (k. +vk2)Di+[(2+v)k l -k2]Di,

£~ = (k 2 +vkdDi+[(2+v)k2 -k.]Di.

(26)

(27)

Once the displacements and tractions are known over all the surface, the internal dis
placements can be computed using eqn (16). Substituting eqn (16) into eqn (3), one can
calculate the internal stresses at any point. For example

where iJ/ox, and a/oy, represent derivatives at the internal point p, and the formulations to
solve other internal stress components can be deduced similarly.
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2Cl = 2h = 32cm.
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NUMERICAL TREATMENTS AND EXAMPLES

According to the formulae obtained previously. the boundary of the shell is divided
into a series of elements. and boundary displacements uj and tractions tj are approximated
over each element through interpolation functions. Substituting these approximate func
tions into eqn (16). the discretized boundary integral equations are established for each
nodal point of the boundary. and the integrals are computed over each boundary element.
A system of linear algebraic equations involving the set of nodal tractions and nodal
displacements is therefore obtained. For the theory of shallow shells involving shear defor
mation. there are five unknown tractions or displacements at each point of the boundary.
Hence a system of Sm equations would be obtained after boundary conditions have been
considered for m boundary nodal points on the surface. These equations can be solved by
standard methods to obtain unknown boundary data. and the internal displacements and
stresses can be obtained from eqns (16) and (28) respectively. According to the idea given
above. a program has been written by the authors. in which linear interpolation functions
are used. and some examples are given to check the formulae obtained.

(I) As shown in Fig. 2. a shallow spherical shell is simply supported on four sides under
the action of uniform loading. The geometric and material parameters used are:

~ I
\I = 0.3. E/p: = 10. k = 96'

This eltample has been solved by Reddy (1984) for thick shell theory and the results of
deflections ilt the middle point due to the variation in thickness II arc listed in Table I. We
solved this problem by BEM. and the computed results arc given for comparison. As
symmetry can be treated automatically in the program designed by the authors. only a
qmlrter of the shell boundary is taken into consideration and discretized in this eltample.
and the number of discrete clements is represent by NN. It can be seen that the BEM results
~lpproach the results obtained by Reddy progressively as the clement number NN increases.

(2) Consider a simply-supported elliptic parabolic shell under a uniformly distributed load.
The geometric and material parameters arc the same as in eltample I eltcept that the
curvature is now variable. that is k I = 1/96 and k 2 is variable. The computed results arc
listed in Table 2. The analytical and the numerical results obtained by other methods for
comparison cannot be found. (n the calculations, only a quarter of the boundary is divided
into eight elements by considering symmetry. We can see from Table 2 that as the dimen
sionless parameter t = k 2/k I decreases, the deflection at the middle point of the shell

2a

, ,
y z

Fig. 2.

Table I. Deflection ... (at :c .. O. y .. 0) or a simply-supported shallow spherical shell
under unirormly distributed load (w x 10 ')

h 0.32 \.60 3.20 6.40

NN=2 309.38 46.138
BEM NNz4 43.438 10.867

NN .. 8 313.12 49.0SI 1\.029 \.9311

Reddy (1984) 313.86 49.69S 1\.26S 1.976
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Table 2. DcftectiOD 10' (at x .. O. Y .. 0) of a simply-supported elliptic
parabolic shell under uniformly distributed load (10' x 10)

h

f 0.32 1.60 3.20 6.40

1.0 313.12 49.051 11.029 1.9311
0.8 394.95 54.367 11.590 1.9650
0.5 587.46 64.576 12.408 2.0112
0.3 798.75 72.091 12.927 2.0402

increases gradually. and this increment tends to decelerate as the shell thickness. h, increases.
This shows that spherical shell structures are more stable than variable curvature ones.

(3) Finally. a hyperbolic parabolic shell clamped on four sides is considered on which a
uniform load is acting. as shown in Fig. 3. and the corresponding parameters are:

I
a==b==20m. h==O.2m. k l =-kz =S6' v=O.

The BEM results are compared in Table 3 with the series results corresponding to classical
thin shell theory obtained by He el al. (1981). It can be seen from this example that the
treatments of the paper can also approximate thin shell results well when the thickness h is
small.

CONCLUDING REMARKS

Based on the fundamental solution obt;'lined by the authors. the boundary element
treatments for shallow shells involving shear deformation were discussed in detail in this
paper. The corresponding formulations wcre derived. and a program according to these
formulae and treatments was written. Some numerical results were presented for several
shells.

28

z
Fig. 3.

Table 3. Dc:l1c:ction and stress resultants of clamped hyperbolic parabolic shell
under uniformly distributed load

Coordinates

x=O x = a/2 x=a
Disp. & Str. y=O y=O y=O

W"'~IC~')
11:, REM 2.19 1.47 0.0

He el al. (1981) 2.20 1.50 0.0

M,"'II:IP, 11:: REM 0.43 0.611 -2.32
He 1."1 01. (1981) 0.411 0.60 -2.40

N, '" 1I:)(IOpJ 11:, REM -4.21 -4.47 -5.28
Heel al. (1981) -4.011 -4.25 -5.05
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The work of this and the previous papers gives a new approach to solving this kind of
shell problem. This is significant both in theory and application.
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APPENDIX

The elements of the symmetric dilferenti;11 operator matrix (IF] andL are

. [I) -. - Dl ·]l
f:: "" B V 1.,- C 1[,' "

.(l 2 C) 2 C• :
F•• "" L, '-(:";0 +~OV D:.

I +v 2 C •
F41 "" - -l,D,D:- ---V D,D:.

I-v l-vD

l (l 2 C) 2 C• :F,,= ) ,--- +--VD.,
l-vD l-vD

where.

iJ iJ
D, '" a.~' D: '" "§y'

., 2C. ,C
L, = V· - (:"; 0' L: - V· - 0'

l V• : B V •) '" -(I-v)C"

- , 2'l : 2:L. "" Dj+ I-Di, ,- D1 + -I-D,.
-v -v

l • .. (kf+ki+2vk,k:)Dr+2(1 +v)krDi.

l, '" (kf+ki+2vk,k:)Di+2(I+v)kiDr.

l. = (k. +vk:)D:+(2+v)k,-k:]D,Di.

l. = (k:+vk,)D;+(2+v)k:-k,jDrD j •

V I k iJ k iJ : :,= lilx1 + 'i1yl""k 1D,+k,D:.
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The clements ordifferential operator matrix (RI arc

R'I = B[F'JD, +vFlJD: +(k, +vkl)F),I.

Rl1 ,. B[vF'JD, +F11Dl +(k l +vk.)FJJI.

R)J = ~(I-v)B[F"Dl+Fl,Dd.

R'J = C(F)ID, +F., I.
R" = C(F)JD1+F"I.

R'J = D[F.JD, +vF"D:I.

RTf = D[vF.,D, +F"D:I.

R'J= lll-v)D[F.,D:+F"Dd. (j= 1,2,. ..• 5).


